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Abstract 

 
General Background: Nonlinear equations frequently arise in engineering and applied sciences and 

require reliable iterative numerical techniques for accurate root approximation. Specific 

Background: Among classical root-finding approaches, the Newton–Raphson method utilizes first- 

order Taylor series expansion and derivative information to generate successive approximations with 
theoretically quadratic convergence. Knowledge Gap: Despite its theoretical advantages, detailed 

numerical simulation integrating convergence verification, residual decay analysis, sensitivity to 

initial guesses, and comparison with alternative classical methods across representative nonlinear 

equations remains limited in a unified framework. Aims: This study analytically derives the 

Newton–Raphson iteration from Taylor expansion, verifies its quadratic convergence, implements a 
complete Python-based simulator with iteration logging, and evaluates performance using four 

representative nonlinear equations, including polynomial, transcendental, and exponential cases. 

Results: Numerical simulations confirm machine-precision solutions within four to five iterations, 

empiricalconvergence order p≈2.00±0.05p \approx 2.00 \pm 0.05p≈2.00±0.05, rapid residualdecay, 

and substantially fewer iterations compared with bisection and secant methods, while also 
demonstrating sensitivity patterns related to initial guesses near inflection or flat regions. Novelty: 

Thestudy integrates rigorous derivation, numericalsimulation, graphicalconvergenceinterpretation, 

residual evaluation, and comparative benchmarking within a single structured analysis of four 

canonicaltestequations. Implications: These findings provide validated guidance for selecting initial 
approximations, interpreting convergence behavior, and applying the Newton–Raphson method 

efficiently in numerical analysis and engineering computation contexts. 

 
Highlights: 

 
• Machine-Precision Solutions Obtained Within Five Iterations Across Representative Nonlinear Test 

Cases 

• Iteration Counts Substantially Lower Than Classical Interval-Halving and Derivative-Free 

Alternatives 
• Convergence Behavior Varies With Starting Approximation Near Inflection or Flat Function Regions 

 
Keywords: Newton Raphson Method, Nonlinear Equations, Quadratic Convergence, Numerical 
Simulation, Error Analysis. 
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1. Introduction 

Nonlinear algebraic equations find many applications in the engineering and applied science field: structural equilibrium 

systems, thermodynamic phases calculation system, control system design, circuit analysis, among others, demand efficient 
root-finding algorithms. Even though nonlinearities in engineering are practically transcendental or of high degree, and thus 
solutions are only possible in polynomials up to degree four using iterative numerical techniques. [1]. 

 
Out of all classical iterative root-finding systems, namely bisection and false position, fixed-point iteration and secant 
method as well as higher-order variants, the NewtonRaphson (N-R) method is the most simple and the fastest to converge. It 
was independently attributed to both Isaac Newton (1669) and Joseph Raphson (1690), and uses derivative information to 

build a tangent line to the curve f(x) at each iteration, and use the x-intercept of that tangent as a new approximation [2, 3]. 

 
where x* meets the f(x*) = 0 condition, the N -R iteration is obtained by expanding f(x) in a Taylor series about the current 

estimate xn, and keeping only the first two terms: 

 
The basic iteration formula is obtained by solving the equation x=x*: 

 
It has the following major aims: (i) to obtain the method in a rigorous manner and to show that it converges quadratically, 
(ii) to run the algorithm in a complete Python simulator with automatic logging of iteration, (iii) to test the algorithm on four 
canonical equations, (iv) to compare the methods with bisection and secant and (v) to graphically illustrate all results[4, 5]. 

 

 

2. Mathematical Foundations 

2.1 Derivation from Taylor Expansion 

Let f : ℝ → ℝ be a sufficiently smooth function and let x* be a simple root, i.e., f(x*) = 0 and f′(x*) ≠ 0. Expanding f about an 

approximation xₙ yields: 

 
where ξ lies between x and xₙ. Setting x = x* and neglecting the quadratic remainder yields the linear approximation whose 
zero defines xₙ₊₁ according to Equation (1) [6, 7]. 
 

 

2.2 Convergence Analysis 

Define the error at step n as eₙ = xₙ − x*. Subtracting x* from both sides of Equation (1):  

Expanding f(xₙ) and f′(xₙ) about x*: 

Substituting (4) and (5) into (3) and simplifying gives the fundamental error-propagation relation: 

 
This demonstrates that the N–R method possesses quadratic (second-order) convergence: the error at step n+1 is 
proportional to the square of the error at step n. The asymptotic error constant is C = |f″(x*) / (2 f′(x*))| [8-10]. 

 

2.3 Sufficient Conditions for Convergence (Kantorovich Theorem) 

If f ∈ C²[a,b] and there exist positive constants M₁, M₂, M₃ such that |f(x₀)| ≤ M₁, |1/f′(x)| ≤ M₂, and |f″(x)| ≤ M₃ on  the 
interval, convergence is guaranteed when the Kantorovich condition is satisfied [9]: 
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2.4 Stopping Criteria 

Three complementary stopping criteria are employed in this work: 

 
All simulations use ε₁ = 10⁻¹⁰, which corresponds to approximately ten significant decimal digits of accuracy [11]. 

 

3. Methodology 

3.1 Test Cases 

Four nonlinear equations were chosen so as to cover a variety of mathematical behaviours experienced in engineering 
practice: 

 
Table 1. Summary of test cases of the numerical experiments. 

Case f(x) x₀ True Root Type 

1 x³ − 2x − 5 2.0 2.09455148 Cubic polynomial 

2 cos(x) − x 0.5 0.73908513 Transcendental 

3 eˣ − 3x² 1.0 0.91000757 Exponential 

4 x⁴ − 3x² + 2 1.5 1.41421356 Quartic polynomial 

 

 

3.2 Implementation 

The complete Python implementation accepts any differentiable function f and its derivative f′, an initial guess x₀, an 
absolute tolerance ε, and a maximum iteration count. At each step it records xₙ, f(xₙ), f′(xₙ), xₙ₊₁, and the absolute step size 

|Δx|. The simulation terminates when |Δx| < ε or the maximum iteration count is reached . 

 

3.3 Comparison Methods 

Two classical alternatives were implemented for benchmark comparison. The bisection method brackets the root in [a,b] and 
halves the interval iteratively, guaranteeing convergence with linear order p = 1. The secant method approximates f′(xₙ) via 

finite differences, achieving super-linear convergence p ≈ 1.618 without requiring an analytic derivative [12, 13]. 

 

4. Results and Discussion 

4.1 Iteration Histories 

Table 2 presents the complete iteration record for f(x) = x³ − 2x − 5. Starting from x₀ = 2.0, the method converges to 
machine precision within five iterations, with the absolute step size dropping by approximately two orders of magnitude at 

each step—consistent with the quadratic convergence of Equation (6). 

𝑒𝑛+1  =  −
𝑓″(𝑥∗)

2 𝑓′(𝑥∗)
𝑒𝑛

2  +  𝑂(𝑒𝑛
3)          (6) 

Table 2. Newton–Raphson iteration history for f(x) = x³ − 2x − 5 (x₀ = 2.0, ε = 10⁻¹⁰). 
n xₙ f(xₙ) f'(xₙ) |Δx| 

1 2.0000000000 −1.000×10⁰ 10.000000 1.000×10⁻¹ 

2 2.1000000000 6.100×10⁻² 11.230000 5.432×10⁻³ 

3 2.0945681211 1.857×10⁻⁴ 11.161647 1.664×10⁻⁵ 

4 2.0945514817 1.740×10⁻⁹ 11.161438 1.559×10⁻¹⁰ 

5 2.0945514815 −8.882×10⁻¹⁶ 11.161438 0.000 

 

 
The transcendental equation f(x) = cos(x) − x reaches machine precision in four iterations from x₀ = 0.5. Its unique solution 

x* ≈ 0.7391 (the Dottie number) is a classical iterative-algorithm benchmark. 

ℎ =  
𝑀1 ⋅ 𝑀2

2 ⋅ 𝑀3

2
 ≤  

1

2
          (7) 

|𝑥𝑛+1  − 𝑥𝑛|  <  𝜀1     (𝐴𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)          (8) 

|𝑥𝑛+1 − 𝑥𝑛|

|𝑥𝑛+1|
 <  𝜀2     (𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)          (9) 

|𝑓(𝑥𝑛)|  <  𝜀3     (𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)          (10) 
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4.2 Geometric Interpretation 
Figure 1 illustrates the geometric interpretation for Cases 1 and 2. Tangent lines are drawn at each iterate xₙ;  their x

− intercepts define xₙ₊₁, rapidly steering the sequence toward the root. 

Figure 1. Geometric illustration: tangent lines at successive iterates converge rapidly to the root (left: x³−2x−5; right: 
cos(x)−x). 

 

 

 

4.3 Convergence Histories 

Figure 2 shows the absolute error in semi-log scale. The slope of the nearly straight-line descent with slope ≈2 per step 
clearly proves quadratic convergence. The perfect quadratic decay curve is presented as dashed reference lines. 

 
Figure 2. Convergence history: absolute error |xₙ₊₁ − xₙ| vs. iteration on semi-log scale for all four test cases. 

 
 

4.4 Order of Convergence Verification 

Figure 3 confirms p ≈ 2.00 ± 0.05 for Cases 1 and 2 via log–log regression, in perfect agreement with Equation (6). 

 

https://portal.issn.org/resource/ISSN/2714-7444
https://doi.org/10.21070/acopen
https://umsida.ac.id/


Academia Open 

Vol. 11 No. 1 (2026): June 

DOI: 10.21070/acopen.11.2026.13957 

ISSN 2714-7444 (online), https://acopen.umsida.ac.id, published by Universitas Muhammadiyah Sidoarjo 

Copyright © Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). 

10/12 

 

 

 

Figure 3. Log–log plot of successive errors eₙ₊₁ vs. eₙ. Slope ≈2 confirms quadratic convergence. 

 
 

4.5 Sensitivity to the Initial Guess 

Figure 4 maps iterations-to-convergence as a function of x₀. Regions requiring many iterations correspond to starting points 
near inflection points or flat regions of f. A graphical pre-inspection is recommended[14, 15]. 

 
Figure 4. Iterations to convergence vs. initial guess x₀ for Cases 1 (left) and 2 (right). 

 
 

4.6 Method Comparison 

Figure 5 compares N–R, bisection, and secant on f(x) = x³ − 2x − 5. Bisection requires ≈33 iterations; secant ≈10; Newton–
Raphson only 5—demonstrating the decisive advantage of quadratic convergence. 

 
Figure 5. Method comparison: Newton–Raphson vs. Bisection vs. Secant. Absolute error |xₙ − x*| on semi-log scale. 
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4.7 Residual Decay 

Figure 6 shows that |f(xₙ)| drops by 4–5 orders of magnitude per iteration, confirming both positional accuracy and genuine 
smallness of the function value at the computed root. 

 
Figure 6. Residual |f(xₙ)| vs. iteration for all test cases on semi-log scale. 

 
Table 3. Summary of Newton–Raphson performance (ε = 10⁻¹⁰) 

Case Root x* Iterations |f(x*)| |Δx| final Order p 

1 2.094551481542 5 8.88×10⁻¹⁶ 0.000 ≈2.00 

2 0.739085133215 5 0.000 0.000 ≈2.01 

3 0.910007572489 4 4.44×10⁻¹⁶ 0.000 ≈2.00 

4 1.414213562373 5 8.88×10⁻¹⁶ 0.000 ≈1.99 

. 

 

5. Python Source Code 

The following listing provides the complete Python implementation. Only NumPy and Matplotlib are required. 
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6. Conclusions 

1. This formula was based on the first-order Taylor expansion and quadratic convergence has been demonstrated. The 

convergence speed is controlled by the asymptotic error constant C = |f″(x*)/(2f′(x*))| . 

 
2. The theoretical analysis was validated by numerical simulation of four canonical equations (with machine-precision 
accuracy, i.e. (|f(x*)| < 10⁻¹⁵). 

 
3. The empirical order of convergence p ≈ 2.00 ± 0.05 in all the test cases justifies the quadratic convergence forecast of 

Equation (6). 

 
4. Newton -Raphson takes 85 % less iterations than bisection and about ≈50 % as many as the secant method to obtain the 
same precision. 

 
5. Sensitivity analysis revealed convergence to be broad where well-behaved functions are concerned but caution should be 

observed around points of inflection or flatness. It is highly advisable to check up the graph before commencing. 

 
6. The residual value of |f(xₙ)|decreased super-exponentially in each of the cases, ensuring the positional accuracy and the 
true smallness of the value of the function at the root obtained. 
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